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Effect of Pressure Stiffness on the Dynamics
of Solid Rocket Motors

Eric R. Christensen*
Sverdrup Technology, Inc., Huntsville, Alabama 35806

This paper examines the effects of pressure on the dynamics of prestiffened structures such as the Space Shuttle
solid rocket booster and the advanced solid rocket motor. Differences of up to 45% between analytical and test
results for the SRB pitch/roll mode frequency are shown to be a result of an extra stiffness term resulting from
the applied pressure load. In the past, these effects have been modeled empirically based on test data. In this
paper, these pressure stiffness terms are derived analytically for various types of line and area finite elements.
These new elements have been implemented as dummy elements in COSMIC NASTRAN and can be easily added
to any existing NASTRAN finite element model. The pressure stiffness elements are tested on some simple
example problems and are used in existing SRB NASTRAN models to analytically match the quarter-scale SRB
pitch/roll test frequencies with differences of less than 5%.

Introduction

HE advanced solid rocket motor (ASRM) (Fig. 1) is being

developed as a replacement for the solid rocket booster
(SRB) presently being used in the Space Shuttle system. The
ASRM offers several advantages over the SRB. An increase in
the diameter of the motor from 146 to 150 in. and an improve-
ment in the propellant and grain design will result in greater
payload capability. Reliability has been improved by replacing
pinned joints with bolted and welded joints, an improved noz-
zle, integral aft segment stiffeners, and an improved igniter.
As part of the analysis effort of verifying the ASRM design, a
large three-dimensional NASTRAN finite element model
(FEM) of the ASRM structure is being constructed for use in
determining the dynamic characteristics of the structure and its
response to various loadings.

In the past, the mathematical models of the SRB have not
included an important dynamic effect. As the solid propellant
in the booster burns, high pressure gases of up to about 1000
psi are present. This pressure stiffens the structure and signif-
icantly increases the natural frequencies of certain modes. This
extra stiffness is a nonlinear effect and is accounted for
through the initial stress stiffness matrix that can be calculated
by the differential stiffness routines in NASTRAN or other
finite element codes. In the formulation of this initial stress
stiffness matrix it is assumed that the loading is constant in
both magnitude and direction. The direction of the pressure
loading, however, will violate this assumption since it always
remains normal to the surface over which it is applied and will
change direction as the structure deforms. The calculated nat-
ural frequencies will be in error unless this change in direction
is accounted for. The pressure thus has two effects on the
natural frequencies. The first effect is due to stress stiffening
and can be calculated by NASTRAN. The second effect is due
to the change in direction of the applied pressure and cannot
be calculated by NASTRAN. This second effect is called the
pressure stiffness effect and is more pronounced in some
modes than in others. In the case of the SRB it is most pro-
nounced in the ¢‘pitch/roll”” mode which is the fundamental
system mode. In the past, modal analyses of the SRB have not
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been able to take the pressure stiffness effect into account
analytically but have relied instead on test data to determine it.
Differences of up to 45% between calculated frequencies and
test frequencies for the pitch/roll modes have been found.
These differences are illustrated in Fig. 2 which shows a com-
parison between test and analytical results for the quarter-scale
SRB (QSSRB) test fixture. Once determined by test data, the
pressure stiffness effect was empirically included in the SRB
FEMS? . . . - -

The objective of this work has been to formulate a method
by which the pressure stiffness effect can be analytically deter-
mined and included in the NASTRAN FEM of the ASRM. A
key objective has been to test the formulation on the QSSRB
FEM and analytically match the test results shown in Fig. 2.

The effects of so-called follower forces, i.e., forces which
““follow’’ the deformations of the structure, have been investi-
gated to some extent in the past. Hibbitt' demonstrated the
significance of follower forces in the finite element analyses of
various types of problems. He showed that effects due to the
follower forces can be represented by extra stiffness terms
called the load stiffness or pressure stiffness terms, but he
presents no numerical examples.
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Fig.1 Advanced solid rocket motor design.
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The pressure stiffness is also important in certain types of
buckling problems. A classical example is the buckling of a
thin, elastic, circular ring under external pressure, which was
studied by Boresi.2 Other investigators®-> extended the analysis
in Ref. 2 to the buckling of more general shells. A nonlinear
finite element. analysis of elastic structures subject to more
general nonconservative loading was investigated in Refs. 6
and 7, which focus on the stability behavior of such systems
and use the natural mode technique to derive expressions for
the load correction or pressure stiffness matrix. Application of
the theory is limited to beam elements. Numerical examples,
including divergence and flutter types of instability, are pre-
sented. Herting and Haggenmacher® developed a triangular
MSC/NASTRAN finite element to represent the stiffness of
pressure loads on surfaces that remain flat as they deform.
They presented a few simple examples that show this effect on
buckling and normal mode analyses.

The objective of the current work is to formulate a method
by which the pressure stiffness effect can easily be included in
the NASTRAN model of the ASRM. In the next section the
pressure stiffness terms are derived for a line element, and it is
shown that the bending terms are negligible. Based on those
results, the pressure stiffness for a triangular surface element
is derived in a way similar to that of Ref. 8. The derivation is
then extended to a quadrilateral surface element, implemented
in COSMIC NASTRAN, and applied to the FEMs of the SRB
and ASRM.

General Formulation of the Pressure Stiffness

The existence of the pressure stiffness terms for a general
element can be demonstrated by examining a pressure force
{p({u})} where {u} represents the displacements of the struc-
ture. In all subsequent equations vector quantities are repre-
sented by braces and matrices are indicated by brackets. A
small change in the displacements d{« } will cause a change of
d{p} in the pressure force as follows:

[i]
dip} =£’;—§d{u}=[1<p1d{u} 1)

where [K,] = d{p}/3{u} is the pressure stiffness matrix.

To calculate [K},] it is necessary to have expressions for the
virtual work done by the pressure force during the deforma-
tions of a general structure. Consider a structure as it deforms
from its initial state to its deformed state. For equilibrium to
be satisfied the virtual work done by the internal forces must
equal the virtual work done by the external forces. The exter-
nal forces can be divided into body forces (including inertial
forces) and applied surface forces. The applied surface forces
can be subdivided into applied pressure forces and all other
applied surface forces. In general, the deformations can be
large and the loading deformation dependent. Using the total
Lagrangian approach, the equilibrium expression for the de-
formable body can be written as

j S{E}T(S) dVO_S pod{u}T{fp} dVs
Vo

Vo

-—S {u}T(T) dS—g pé{u}T(n}dS=0 )
s s

4 a

where 8 represents the variational operator, {E} is the vector
of Green strains, {S} is the vector of second Piola-Kirchoff
stresses, Vj is the initial undeformed volume of the structure,
0o 1s the mass density in the undeformed structure, {fz} is the
vector of applied body forces, p is the magnitude of the pres-
sure, {n} is a unit normal to the surface S, in the direction of
the pressure, and {7'} is the vector of applied surface forces
other than pressure. In Eq. (2) the first integral represents the
virtual work done by the internal forces, the second integral
represents the virtual work done by the applied body forces,
the last integral represents the virtual work done by the applied

pressure forces, and the third integral is the virtual work done
by any other applied surface forces. Since the pressure is a
follower force, {n} is a function of the displacements {u } and
the virtual work done by the pressure force is deformation
dependent.

Equation (2) is the equilibrium expression for a large dis-
placement problem and is, in general, a nonlinear expression
that must be solved incrementally. One way to do this is by
making a finite element approximation for the incremental
displacements. The details of how to do this for the first three
integrals in Eq. (2) can be found in many places (e.g., Ref. 9).
When this is done, the first three integrals in Eq. (2) will result
in the following:

EV S{E}T{S} dS, - j podfu}T(fp} dVo

Vo
—LMMT{T} ds =5{q}7{[M]{6'1'}

+ (1K) + Kol + [KsD)A(g) + ALF )] 3)

where 6{q } is the virtual displacement vector, A{q } the incre-
mental nodal displacement vector, [K;] the linear (small dis-
placement) stiffness matrix, [K;] the large displacement stiff-
ness matrix, [Kg] the initial stress or differential stiffness
matrix, [M] the mass matrix, and A{F'} the incremental force
vector including the applied and residual force equilibrium
terms. The incremental displacement A{qg} represents the
change in the displacements from the equilibrium position
found in the preceding iteration. The large displacement stiff-
ness matrix [Ky] is a function of the total displacements {q}
and is usually calculated using the displacements found in the
preceding iteration. Both the initial stress stiffness matrix and
the incremental force vector are functions of the stresses and
can be determined at each time step by using the values for {S}
determined from the preceding iteration. Substitution of the
finite element approximation into the fourth integral in Eq. (2)
will result in

—L potu}T{n} dS =8{q)7(IK,]1Alg} — (Fp}) (@)

4

where {F, ] represents the nodal force vector due to the pres-
sure and [K,,] is the pressure stiffness matrix, which in general
is deformation dependent. If Eqgs. (3) and (4) are substituted
into Eq. (2), the following incremental differential equation of
motion is obtained:

[M1{g) + (IKL]1+ Kol +[Ksl+ K )Alq ) = A(F) ®)

To solve Eq. (5) exactly as a function of time would require
a full nonlinear, incremental dynamic transient analysis. If, on
the other hand, it is only desired to determine the natural
frequencies of small vibrations about some static equilibrium
position, then the following procedure can be followed. First,
iteratively determine the static equilibrium position {go} and
the corresponding state of stress {Sp}. In Eq. (5) [Ky] and
[K,] are functions of {g,}, and [Ks] is a function of {Sp}, so
that for a given equilibrium position {g,}, all of the matrices
on the left-hand side of Eq. (5) will be constant, and it can
be solved as an eigenvalue problem with the right-hand side
equal to zero.

The COSMIC NASTRAN rigid format solution 13 entitled
““Normal Modes with Differential Stiffness’’ is an approxi-
mate solution of Eq. (5), which does not include all of the
stiffness terms. The [Ky] and [K,] terms are not included, and
only a single interation is used in the solution for {gy}. Ne-
glecting the [K] terms should not cause significant errors as
long as the strains remain small. Neglecting the [K,] terms,
however, can cause large errors. In the modified solution 13
developed in this paper, the [K,] terms will be added into the
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differential stiffness matrix. The other approximations inher-
ent in the existing solution 13 are not addressed in this paper.

Planar Line Elements

To illustrate the effect of the pressure stiffness, a simple
example problem consisting of a 10X 10-in. square free-free
frame with the properties shown in Fig. 3 is presented. The
frame is loaded by an internal pressure p of 100 1b/in. The
frame is modeled by four massless two-node plane beam ele-
ments (CBARs in NASTRAN) with the mass represented by
four concentrated masses (CONMIs) at each corner. Each
CONMI has a mass of 1.0 Ib-s?/in. and an inertia of 1.0
in.-1b-s2. The model has a total of 12 unconstrained degrees of
freedom, two translations, and one rotation at each of the four
nodes. The natural frequencies of the unloaded frame as calcu-
lated by COSMIC NASTRAN are listed in the second column
of Table 1. Notice that there are three zero frequency rigid
body modes representing two rigid body translations and one
rigid body rotation. The application of the pressure loading
stretches the structure, increasing its stiffness and changing the
natural frequencies. Using the unmodified COSMIC NAS-
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Fig. 3 Pressurized square frame.
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Fig. 5 Beam element kinematics.

Table 1 Natural frequencies of a pressurized square frame

Natural frequency, Hz

Preload without Preload with

Mode no. No preload pressure stiffness pressure stiffness
1 4.4E-07 4.1E-07 2.6E-07
2 2.2E-07 2.4E-07 S.7E-07
3 2.5E-07 1.5759 2.4E-04
4 7.1176 7.3280 7.4989
S 29.0576 29.7752 29.7750
6 40.8665 41.2711 41.2634
7 40.8665 41.2711 41.2634
8 50.8300 51.0840 51.0835
9 71.1763 71.1763 71.1585

10 71.1763 71.1763 71.1941

TRAN solution 13 results in the set of natural frequencies
listed in column three of Table 1. Notice that there are no
longer three zero frequencies but that the mode-3 frequency
has become 1.5759 Hz. Examination of mode shape 3, how-
ever, indicates that mode 3 represents a rigid body rotation. A
physical explanation of the phenomenon is illustrated in Fig. 4,
which shows that by neglecting the change in direction of the
pressure force a fictitious moment is introduced that tends to
move the structure back toward its equilibrium position. This
fictitious moment is proportional to the angular motion of the
frame and is equivalent to a fictitious grounded rotational
spring. The fictitious spring artificially adds stiffness to the
system and results in a nonzero frequency. The larger the
pressure is, the greater this effect will be.

To correct the error in the preceding example, it is neces-
sary to add the pressure stiffness matrix [K,] to the overall
stiffness matrix and take into account the virtual work done by
the pressure force as it rotates. One way to do this is by
reference to Fig. 5 in which a small length dx of the beam is
shown in its undeformed and deformed positions. The beam is
assumed to remain within the plane of the paper at all times.
The undeformed position of the element is (x, 0) and it de-
forms an amount {u} to (x* y*) with a deformed length of
ds*. The values of x* and y* can be found from

x*=x+u, y¥=v 6)

where {u}=u{i}+v{j) and {i} and {j} are unit vectors in
the x and y directions. If {n} is a unit normal to the beam
element, the virtual work done by the pressure force can be
found from Eq. (2)

5W,;=Sp{n}-5{u}ds )
L

where §{u} =6u{i}+6v{/j} is the virtual displacement and L
the deformed length of the beam element. From the geometry
shown in Fig. 5 it can be seen that

{n} ds*=sin @ ds*{i} + cos 6 ds*{;}
= —dy*{i} +dx*{j} ®)
where dx* and dy* represent the projection of ds* on the x

and y axes. Expressions for dx* and dy* can be found by
differentiating Eq. (6)

du dv
dx* =1+ — ) dx, dy* = — dx 9
< dx) ly o )

If Egs. (8) and (9) and the expression for virtual displacement
are substituted into Eq. (7), the following expression for the
virtual work is obtained:

¢
dv du
W, = —8u — 1+— )| dx 10
oW, pL[ Su +5v< + >] 10
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In Eq. (10) £is the undeformed element length and the pressure
has been moved out of the integral since it is assumed constant.
For a two-dimensional, two-noded beam, the finite element
approximations for the displacements # and v can be expressed
as follows:

u=[N,m]tg}, v=[Nw]tq} (11)

where {g}T= |u; v, 6, uy v, 6, with [N,] and [N,}
being element shape function matrices and u;, v;, and 6; being
the x displacement, y displacement, and rotation, respectively,
at node i =1, 2. Substituting Eq. (11) into Eq. (10) results in

W, = 8(q)7 (- [K,1{q) + (F,}) (12)
¢ dIN,] d[Nu]>
K] = N7 g S8 ) gy 13
[K,] pL([ 1 e [~V & 13)
I3
{Fp} =PSO [N,1T dx (14)

Note that {F,} is the usual applied force term due to pressure.
The sign of the pressure stiffness matrix [K,] has been defined
as negative so that it can be added to the other terms in the
global stiffness matrix rather than subtracted. Also notice that
Eq. (13) for [K,] in general will result in a nonsymmetric
matrix. However, in the case of a constant pressure acting over
an enclosed volume it has been shown!© that the pressure is a
conservative load, and thus the nonsymmetric parts of the
pressure stiffness matrix will cancel out when they are assem-
bled into the global stiffness matrix. All of the example prob-
lems studied in this paper will assume constant pressures ap-
plied over enclosed volumes so that the nonsymmetric parts of
the [K,] matrices will always cancel out.

If the usual expressions for [N,] and [N,] are substituted
into Eq. (13) and the integrals are evaluated, the pressure stiff-
ness matrix can be expressed as follows:

¢ ¢ ]
o .2 Pt b pt
2 12 2 12
P9 o -2 o o
2 2
§24 yo2i
PR 0 2 9 o
12 12
K,] = 15)
o 2 Pt 4 P _p
2 12 2 12
P9 o -£2 o0 o
2 2
Py o PPy o
12 12

In Eq. (15), the rows and columns are defined consistent with
the definition of {g} in Egs. (11) and (12). In most cases, the
terms associated with the rotational degrees of freedom are
very small and can be neglected, especially as the number of
elements used increases. The reason for this is illustrated in
Fig. 6. Notice that the difference between the change in rota-
tion of the pressure force for each case shown will be small,
especially as the element length ¢ decreases. If the rotational
terms are neglected, the pf/12 terms in Eq. (15) can be re-
placed by zeros.

The pressure stiffness matrix for the square frame example
was calculated using Eq. (15) with and without the rotational
terms, and the natural frequencies were calculated using a
FORTRAN program written by the author. The results are
listed in column 4 of Table 1 where it can be seen that there are

once again three zero frequencies. The results with and without
the rotational terms agreed to within four decimal places. The
effect of the pressure stiffness on the higher frequencies was
less dramatic, although the first elastic frequency has increased
by 2.3%. For the higher modes the change in direction of the
pressure on one part of the structure is cancelled out by the
change in direction on other portions of the structure so the
pressure stiffness has a much smaller effect on these modes.

Triangular and Quadrilateral Surface Elements

Based on the results obtained from the line element exam-
ples as well as the reasoning behind Fig. 6, it is assumed that
the contribution of the rotational degrees of freedom to the
pressure stiffness of the surface elements is negligible. This
greatly simplifies the derivation because it makes it unneces-
sary to include the bending terms and the problem becomes
one of determining the pressure stiffness for a triangular sur-
face that remains flat as it displaces.

Consider a triangular surface loaded by a constant pressure
p as pictured in Fig. 7. The undeformed element has nodes at
points Ay, By, and C, that deflect by the amounts {u 4}, {ug},
and {uc} topoints 4, B, C. Let {n } be a unit normal defining
the direction of the applied pressure. If Ay is the total area of
the triangle, then

2Ar{n} = {rag} X {rpcl = ({"B}— fra }) X ({rc} - {rB})
(16)

where {ry}, {rz}, and {rc} are the position vectors of points
A, B, and C. But

{ra} =1{ra,} + tua}

{re} = {rg,} + {uz} a7

{re} = {regd + {uc)
where {rq.}, {rs,}, and {r¢,} are the position vectors of
points Ay, By, and Cy. Substituting Eqgs. (17) into Eq. (16) and
expanding results in the following:

2A7{n} = [Fa,p,lreyc,} + ([iBOCO] + [l_lc]> {uq}

+ ([7COA0] +[17A]) {ug} + ([7‘,4030] + [l_lB]) {uc (18)

{uyd

HERERERRR

Without Bending

With Bending

Fig. 6 Effect of neglecting bending terms.

Fig. 7 Triangular surface element.



66 CHRISTENSEN: DYNAMICS OF SOLID ROCKET MOTORS

In Eq. (18), the cross products have been replaced by equiva-
lent matrix products as follows. If {a} and {b} aretwo 3 x 1
vectors, then {a} X {b]} can be written as [@]{b ] where

0 —as a
[ﬁ] = as 0 - day (19)
—ds a, 0

Note that [@] = — [a]”. The virtual work done by the pressure
pis
6W,,=j pdfulTin} dA 20)
Ar

where {u} is the displacement field within the element. Since
all of the displaced points are assumed to lie in the plane
formed by A, B, and C, {u} can be expressed as follows:

ful}=La{ua} +Lglug) + Leluc} an
O{u} =Ls0{uys} + Lgéfup} + Lcdfuc)

where L, L, and L are triangular area coordinates.” Substi-
tuting Egs. (21) and (18) into Eq. (20) and integrating over the
element area results in the following expression for the virtual
work:

awp=a{q;r<%>

[Paocod + ] [Fogul +104]  [Fa,8,) + (@8]
+ | [Poocd + el [Fogud + 4] [Faus)+ (28] | (g}

Paocd T lacl  [Fogad +1Bal  [Fag,)+ sl

[74,8,]
[rAOB()] {rBoc()}

[7a,8,]

@2

where {q}T=[{u4} {ug} {uc}] is the element nodal dis-
placement vector. The first term in Eq. (22) results in the usual
element force term due to the applied pressure. The second
term is due to the pressure stiffness and yields the pressure
stiffness matrix [K,]. As can be seen from Eq. (22), [K,] is a
function of the displacements. However, we will assume that
the displacements are much smaller than the element dimen-
sions so that they can be neglected in calculating [K},], which
can then be written as follows:

[Paocgl  [Fopaq)  [Faga,l

%1= -%

[Psocl [Fopagd  [Fagay) (23)
Peoel [Fogad [Fage,l

As before, the sign of [K,] has been defined as negative so that
it can be added to the other terms in the global stiffness matrix
rather than subtracted. Equation (23) is essentially the same
equation as Eq. (30) in Ref. 8.

The four-node quadrilateral element is formed by subdivid-
ing the quadrilateral into four overlapping subtriangles. The
pressure stiffness matrix is formed by assembling the subtrian-
gular element matrices into an overall stiffness matrix for the
quadrilateral element. i

The triangular and quadrilateral elements were implemented
in COSMIC NASTRAN using the CDUMI! and CDUM?2
dummy elements, respectively. The CDUM1 and CDUM?2 ele-
ments are placed concurrently with any triangular or quadri-
lateral surface (such as a CTRIA2, CQUADA4, or a face of a
CIHEX1, etc.) on which a pressure force is applied. Care must

be taken that the order of element node numbers on the

CDUMI1 or CDUM2 element is consistent with the direction of
the applied pressure. The elements were formulated so that the
node numbering is the same as that required for the use of a
PLOAD?2 card. In addition, only the symmetric part of the
pressure stiffness matrix in Eq. (23) was kept.

Solid Rocket Booster and Advanced
Solid Rocket Motor Models

Quarter-Scale Solid Rocket Booster Analysis/Test Comparison

The CDUMI1 and CDUM2 elements were applied to an exist-
ing NASTRAN model of the SRB to see if the test results
shown in Fig. 2 could be predicted analytically. This model is
pictured in Fig. 8 and consists of approximately 2500 nodes
and 3250 elements. To this model were added 95 CDUMI1 and
700 CDUM2 pressure stiffness elements. The flexibility of the
test support fixture was included in the model.

The resulting pitch/roll mode frequencies for both the lift-
off and the burnout configuration are plotted in Fig. 9. In the
liftoff configuration, the propellant is modeled by CQUAD1
shear plates. Because of this, the internal pressure is applied to
the case rather than directly to the propellant elements. A
room temperature propellant shear modulus of G’ =415 psi
was used. In the burnout configuration, the CQUADI1 propel-
lant elements have been deleted from the model. The analyses
were run for pressures ranging from 0 to 500 psi both with and
without the CDUM elements. As can be seen from Fig. 9,
excellent agreement was obtained between the analytical and
test results with a difference of only 2.25% for the liftoff
configuration and 4.6% for burnout at the maximum QSSRB
test pressure of 175 psi.

Advanced Solid Rocket Motor Models

The CDUMI1 and CDUM2 element were next applied to an
existing NASTRAN model of the ASRM. This model is very
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Fig. 9 QSSRB roll mode frequencies.
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similar to the model of the SRB and has basically the same
number and types of elements. For this analysis, the external
tank attach struts are assumed to be fixed because these are the
boundary conditions used to determine the range of allowable
frequencies of the booster. This frequency range is defined by
the overall Shuttle control system, and if the booster frequen-
cies are outside of this range the control system must be mod-
ified. For the control system to be stable, the first three modes
in the liftoff configuration should fall within the following
limits at 500 psi:

First mode: 1.70 Hz = o,

Second mode: 2.69 < w; =3.39 Hz

Third mode: 3.0l = w3;<3.80 Hz

"The frequencies of the first three modes for both liftoff and

burnout configurations are plotted in Figs. 10-12. Notice that
all three modes will satisfy the conditions stated earlier. As was
already shown, the effect of the pressure stiffness is dependent
on the mode shape. As with the SRBs, the pressure stiffness
has the greatest effect on the pitch/roll mode. For modes 2 and
3 the effect is less apparent, although there is a 36% error in
the mode-3 frequency for the burnout condition if the pressure
stiffness is not included in the analysis.

Conclusions

As has been demonstrated by previous experience with the
solid rocket boosters and by the examples in this report, the
pressure stiffness will have a significant effect on the dynamics
of the advanced solid rocket motor (ASRM). Unless the pres-
sure stiffness terms are added into the overall stiffness matrix
or otherwise corrected for, the frequencies calculated for cer-
tain modes will contain large errors. The pressure stiffness
tends to decrease the natural frequency for some modes and
increase it for others, depending on the mode shape. For
“rolling’’ type modes in which a large amount of rigid body
motion is occurring (such as the ASRM pitch/roll mode), the
effect is generally to decrease the natural frequency. In modes
where there is more elastic deformation, the effect generally
will be to increase the natural frequency, although this will be
determined by the actual mode shape. The effect becomes
greater as the pressure loading is increased. It is most pro-
nounced for the lower modes and generally becomes insignifi-
cant for the higher modes. Also, for the types of problems of
interest in this paper, the pressure stiffness associated with
rotational degrees of freedom is negligible.

By matching the quarter-scale solid rocket booster test re-
sults with less than 5% difference, the pressure stiffness ele-
ments presented in this paper have demonstrated the ability to
analytically predict pressure stiffness effects. The new ele-
ments are relatively simple to implement and can easily be
added to existing NASTRAN models. They should be able to
accurately predict the pressure stiffness effects in the ASRM
models.

The pressure stiffness elements have been formulated as-
suming a constant pressure applied over an enclosed volume.
For most of the computations involving the dynamics of the
ASRM this is a good approximation. However, in reality there
is a pressure gradient down the length of the ASRM case and
a small opening through the nozzle. For this type of loading
the nonsymmetric terms in the stiffness matrix will not com-
pletely cancel out, and a nonsymmetric global stiffness matrix
results. The same basic element formulation holds, but the
actual computational procedure changes due to the nonsym-
metric nature of the matrices involved. Even though this is
expected to be a small effect, a follow-on task has been under-
taken that will allow this type of loading to be analyzed and
will provide some bounds on the accuracy of the methodology
presented in this paper.
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